Abstract. Tangential intersections of Lagrangian manifolds up to contact equivalence correspond to smooth function germs (generating functions) up to right equivalence locally around the intersection point. We extend this result of Golubitsky and Guillemin for tangential intersections to arbitrary intersections of Lagrangian manifolds and to intersections of two families of Lagrangian manifolds. This provides a framework which allows a natural transportation of the notions of catastrophe theory such as stability, unfolding and (uni-)versality to the geometric setting such that we obtain a classification of families of Lagrangian intersection problems. An application is the classification of Lagrangian boundary value problems for symplectic maps. Moreover, we prove a result which applies to symmetric settings: invariances of generating functions of Lagrangian intersection problems correspond to exactly those symplectic diffeomorphisms which arise as cotangent lifts.
1. Introduction 1.1. Motivation. Local singularities of smooth, scalar valued maps have been studied extensively under the headlines catastrophe theory and singularity theory because the local behaviour of the set of critical points of a smooth map under perturbations is related to bifurcation phenomena in dynamical systems [2, 3] . Thanks to the work of Whitney, Thom, Mather, Arnold and others, classification results for singularities are known [1, 11] . Of fundamental importance for the classification results is the notion of right equivalence of map germs: two map germs φ, φ ′ : (R k , 0) → (R, 0) are right equivalent if there exists a local diffeomorphism r on R k defined around zero and fixing 0 such that φ ′ = φ • r. In [6] Golubitsky and Guillemin show that the question whether two map germs are right equivalent has a geometric analogue: using representatives of the map germs as generating functions one obtains two Lagrangian submanifold in a cotangent bundle which intersect the zero section tangentially. The maps are right equivalent if and only if the tangential intersections are contact equivalent, i.e. if and only if there exists a local symplectomorphism mapping one Lagrangian submanifold to the other while fixing the zero section and the intersection point. The statement is very appealing because it connects the analysis side including all its algebraic tools with geometric concepts. On the other hand, the geometric problem of intersecting Lagrangian manifolds is important in its own right. In dynamical systems, for instance, intersections of Lagrangian invariant manifolds in phase spaces encode important information about the dynamics [7, 9] . For global aspects of Lagrangian intersections we refer to [5] and references therein. Moreover, boundary value problems in Hamiltonian systems can be phrased as Lagrangian intersection problems and local properties of the intersections are of high significance for a description of the bifurcation behaviour of solutions [14, 15, 17] .
However, in these applications intersections of Lagrangian submanifolds are typically not tangential. In this paper we extend Golubitsky and Guillemin's result to a local result for arbitrary intersections of two Lagrangian submanifolds in a symplectic manifold. We prove that two intersections of two Lagrangian submanifolds in a symplectic manifold are contact equivalent, i.e. there exists a local symplectomorphism between the pairs, if and only if the assigned function germs obtained using auxiliary cotangent bundle structures are stably right equivalent. Moreover, intersection problems of Lagrangian manifolds are often subject to symmetry constraints which have an effect on which singularities occur generically and how the intersections unfold when parameters are present. Such symmetry constraints appear, for instance, in Hamiltonian boundary value problems, where the Hamiltonian is invariant under a symplectic or conformal-symplectic symmetry [14, 15] . We will show under which conditions symmetries in Lagrangian contact problems and in boundary value problems for symplectic maps, in particular, yield invariances of the assigned function germs.
1.2.
Correspondence of tangential Lagrangian intersection problems with smooth, scalar-valued function germs up to right equivalence. We introduce the notion of Lagrangian contact problems, review some definitions originating from [6, 13] and sketch results obtained by Golubitsky and Guillemin in [6] and our proposed extension before starting a rigorous treatment in the remaining sections. Definition 1.1 (Lagrangian contact problem). Let X, Λ be two Lagrangian submanifolds of a symplectic manifold Z intersecting in an isolated point z ∈ Λ ∩ X. Then (X, Λ, z) is called a Lagrangian contact problem (in Z). We say Λ has contact with X in z. In the special case where X and Λ are tangential in z the problem (X, Λ, z) is called a tangential Lagrangian contact problem.
Definition 1.2 (contact equivalence of Lagrangian contact problems). Let (X, Λ, z)
and (X ′ , Λ ′ , z ′ ) be two Lagrangian contact problems in Z and Z ′ , respectively. We say that (X, Λ, z) and (X ′ , Λ ′ , z ′ ) are contact equivalent or Λ has the same contact with X at z as Λ ′ has contact with X ′ at z ′ if there exist open neighbourhoods U ⊂ Z of z and U ′ ⊂ Z ′ of z ′ and a symplectic diffeomorphism Φ :
Definition 1.3 (right equivalence of function germs). Two germs of smooth maps
Definition 1.4 (stably right equivalence of function germs). Two germs of smooth maps f : (R k , 0) → (R, 0), x → f (x) and g : (R l , 0) → (R, 0), y → g(y) are stably right equivalent if there exist non-degenerate quadratic forms Q 1 (u) and Q 2 (v) such that F (x, u) = f (x) + Q 1 (u) and G(y, v) = g(y) + Q 2 (v) are right equivalent.
To assign a Lagrangian intersection problem to a smooth function germ, the function germ is reduced by the Splitting Lemma or parametric Morse Lemma (lemma 2.7) to a stably right equivalent germ f possibly in fewer variables such that f vanishes to second order at the origin. The assigned Lagrangian manifold Λ is the graph of df considered as a section in the cotangent bundle over the domain of definition of f . Notice that the graph of df is tangent to the zero section X at 0. In this way, we obtain a Lagrangian intersection problem which is defined up to contact equivalence of Λ with X at 0. Moreover, germs which are right equivalent to f correspond to Lagrangian manifolds which have the same contact with x at X as Λ (theorem 2.5).
On the other hand, one can assign a function germ to a situation where a Lagrangian submanifold Λ of a symplectic manifold is tangent to another (distinguished 1 ) Lagrangian submanifold X as follows: choose a cotangent bundle structure on X around the intersection point x. Since Λ is tangent at x, it is a section of the contangent bundle around x and, since Λ is Lagrangian, it is given by the graph of a closed 1-form. Locally around x the 1-form has a primitive which constitutes a smooth function germ f . This construction determines the function germ f up to right equivalence. Moreover, the germ assigned to any other contact equivalent Lagrangian submanifold is right equivalent to f (theorem 2.5).
Remark 1.5 (Warning). Contact equivalence for Lagrangian contact problems is not to be confused with Mather's notion of contact equivalence for map germs which is related to the contact of smooth manifolds up to diffeomorphisms (i.e. without symplectic structure) [13] .
1.3. Correspondence of general Lagrangian intersection problems with smooth, scalar-valued function germs up to stably right-equivalence. It is easy to see from a perturbation argument or from the classification of intersections of Lagrangian linear subspaces of finite-dimensional symplectic vector spaces [10] that there is always a contangent bundle structure π : Z → X such that Λ is graphical, i.e. the image of a section of π : Z → X locally around z or, equivalently, π| Λ : Λ → X is an immersion around z [14, Lemma 2.1.]. Thus, in the same way as described in section 1.2, one can assign germs of functions f to a Lagrangian intersection problem of Λ with X in a symplectic manifold Z if Λ and X are not necessarily tangential at an isolated intersection point z, i.e.
However, in this more general setting Golubitsky and Guillemin's construction of a right equivalence between function germs corresponding to the same manifold Λ but different cotangent bundle structures does not work. Indeed, for non-tangential intersections we will see that there always exist cotangent bundle structures which are sufficiently "far apart" such that the obtained function germs are not right equivalent. However, we can extend Golubitsky and Guillemin's result to arbitrary Lagrangian contact problems as follows: two Lagrangian contact problems yield stably right equivalent germs if and only if the contact problems are contact equivalent. Once we will have achieved this, we can define stably contact equivalence of Lagrangian contact problems to obtain a sensible notion for contact problems in different dimensions. Definition 1.6. Let (X, Λ, z) and (X ′ , Λ ′ , z ′ ) be two Lagrangian contact problems in Z and Z ′ , respectively. We say that (X, Λ, z) and (X ′ , Λ ′ , z ′ ) are stably contact equivalent if for a cotangent bundle structure over X defined around z ∈ Z such that Λ is the image of the section dφ with φ(z) = 0 and for a cotangent bundle structures over X ′ defined around z ′ ∈ Z ′ such that Λ ′ is the image of the section dφ ′ with φ ′ (z ′ ) = 0 the germs φ and φ ′ presented in centred coordinates around z ∈ X and z ′ ∈ X ′ are stably right equivalent.
The situation can then be summarised in the following theorem.
Theorem 1.7. There exists a 1-1 correspondence between Lagrangian contact problems modulo stably contact equivalence and smooth real-valued function germs up to stably right equivalence.
Moreover, we will derive a notion for parameter-dependent problems and prove the following theorem. This allows transporting the highly-developed notions and algebraic framework of catastrophe theory to Lagrangian contact problems and bifurcations of Lagrangian intersection problems and classification results for singularities apply to contact problems.
The remainder of the paper is structured as follows. In section 2 we prove that (not necessarily tangential) Lagrangian contact problems up to contact equivalence correspond to map germs up to stably right equivalence. In section 3 we prove that invariances of generating functions of Lagrangian contact problems correspond to cotangent lifted maps leaving the manifolds of the contact problem invariant. In section 4 we extend the identification results of section 2 to families of Lagrangian contact problems. In section 5 we conclude theorem 1.7 and theorem 1.8 and show an application to boundary value problems for symplectic maps.
Lagrangian contact problems and stably right equivalent germs
For reference, let us recall some of Golubitsky and Guillemin's results.
Lemma 2.1 ([6, Lemma 3.1]). Let X be a Lagrangian submanifold of a symplectic manifold Z. Let x 1 , . . . , x n be local coordinates on X. Consider two cotangent bundle structures
. . , ξ n be the conjugate momenta to x 1 , . . . , x n with respect to the α structure. Let λ denote the canonical 1-form on
Then the closed 1-form α− β can locally be written as dH with
If the Lagrangian submanifold Λ ⊂ Z is the image of the section dφ α w.r.t. the Φ α -structure as well as the image of the section dφ β w.r.t. the Φ β -structure then
Proof. The 1-forms α and β are primitives of the symplectic form on Z. Moreover, α| z = 0 if and only if z ∈ X. Analogously for β. Therefore, α − β is closed an has a primitive H of the form (2.1). Let ι : Λ ֒→ Z denote the embeddings of Λ into Z. The 1-forms ι * α and ι * β are closed since Λ is Lagrangian. We denote their primitives defined around a common point, which projects under φ α to x = 0 ∈ X, by φ α and φ β , respectively. Due to
on Λ. Expressing relation (2.3) in the canonical coordinates (x, ξ) of the α-cotangent bundle structure yields (2.2).
Remark 2.2. If the manifolds X and Λ intersect non-trivially and x 1 , . . . , x n are centred coordinates at an intersection point of Λ and X then the constant in (2.2)
is right equivalent to φ on a neighbourhood of the origin in R n and the right equivalence fixes the origin.
Proof. To simplify notation, we set
We prove the assertion using the homotopy method. Define
We seek a family of local diffeomorphisms f t fixing 0 such that (2.6)
Differentiating (2.6) w.r.t. t we finḋ
Here, ·, · denotes the scalar product in R n . An evaluation at f
). We will show that (2.7) is solvable for w around x = 0 with w(0, t) = 0. Then there exists an open neighbourhood U ⊂ R n of 0 such that the initial value problem
can be solved for all x ∈ U on the interval t ∈ [0, 1]. The obtained family of functions f t fulfils d dt (ψ t • f t ) = 0 with f 0 = id and, therefore, (2.6). Moreover, f t (0) ≡ 0 such that f 1 is the required right equivalence.
We now show that (2.7) is solvable for w with w(0, t) = 0 near x = 0. Differentiating (2.5) w.r.t. x yields
The maps B lj (t, x) form a matrix B with B(t, 0) = Id. Therefore, there exists a neighbourhood of x = 0 such that B is invertible for all t ∈ [0, 1]. We have
The functionsh ij constitute a matrix which we denote by H. Differentiating (2.5) w.r.t. t and using (2.11) we geṫ
Now w(0, t) = 0 and w solves (2.7). This completes the proof.
Lemma 2.1 and lemma 2.1 imply the following proposition.
Consider two cotangent bundle structures over X near z such that Λ is the image of the section dφ α and dφ β with φ α (z) = 0 = φ β (z). Then φ α and φ β are right equivalent.
Theorem 2.5. Let (X, Λ, z) and (X, Λ ′ , z) be two tangential Lagrangian contact problems in Z. For any cotangent bundle structures over X near z such that Λ is the image of the section dφ and Λ ′ the image of dφ ′ with φ(z) = 0 = φ ′ (z), the map germs φ and φ ′ are right equivalent if and only if the tangential Lagrangian intersection problems are contact equivalent.
Proof. Assume φ = φ ′ •r for a right equivalence r. Note that r fixes z. Its cotangent lifted map R (see [12, 6.3] for definitions) fixes X and
Therefore, the symplectic diffeomorphism R maps Λ ′ to Λ and, thus, provides a contact equivalence between (X, Λ, z) and (X, Λ ′ , z). Now assume there exists a symplectic diffeomorphism with Φ(X) = X, Φ(z) = z and Φ(Λ) = Λ ′ (locally around z). Choose a cotangent bundle structure π : Z → X such that Λ is the image of the section dφ and Λ ′ the image of the section dφ ′ around z with φ(z) = 0 = φ ′ (z). Consider the cotangent bundle structure π
The map Φ • dφ maps X onto Λ ′ and is a section of π ′ : Z → X. This means Λ ′ can be represented by dφ in the new structure. Therefore, by proposition 2.4, the map germs φ and φ ′ must be right equivalent.
We recall the well-known Morse Lemma and its parametric version which is referred to as parametric Morse Lemma or Splitting Lemma.
be a function germ with critical point and an invertible Hessian matrix at 0. There exists a local diffeomorphism r on R n defined around the origin and fixing 0 such that
Proof. We define
and use the homotopy method to show that φ is right equivalent to f . For this we seek a family of local diffeomorphisms (g t ) t∈[0,1] defined around x = 0 such that
Differentiation of f t • g t = f w.r.t. t (denoted by a dot in the following) yields
The linear map D(f +tψ)(x) can be represented as a row vector (y 1 (t, x), . . . , y n (t, x)). Its Jacobian matrix Hess f + tHess ψ is invertible near 0 for all t ∈ [0, 1]. Denoting the components ofġ t by subscripts, equation (2.13) reads
Since the 2-jet of ψ vanishes at 0, we can obtain the maps (ġ t ) 1 , . . . , (ġ t ) n by an application of Hadamard's lemma [16, I, Lemma 2.1] to ψ and (y 1 , . . . , y n ) witḣ g t (0) = 0. Now g t is obtained fromġ t by an integration w.r.t. t for the initial condition g 0 (x) = x. Such a family g t fulfils (2.12).
An alternative proof is given in [16, I, Lemma 2.2].
Lemma 2.7 (parametric Morse lemma). Let φ : (R n , 0) → (R, 0) be a function germ with critical point at the origin 0. Consider the decomposition R n =X ⊕ X for two linear subspacesX and X such that the Hessian matrix B of the restriction φ| X : (X, 0) → (R, 0) is invertible. There exists a change of coordinates K on a neighbourhood of 0 ∈ R n of the form
If we choose the dimension of X to be maximal then the 2-jet of f vanishes.
A proof using the tools of Singularity theory is given in [4, §14.12].
Remark 2.8. If φ in lemma 2.7 is smooth then K is smooth.
We now leave the setting of tangential Lagrangian contact problems and extend proposition 2.4: a function germ assigned to a (not necessarily tangential) Lagrangian intersection problem using any cotangent bundle structure for which the intersection problem is graphical is well-defined up to stably right equivalence.
) whose 2-jet vanishes at 0 and a matrix valued function H : R n → Sym(n) with
Then ψ t is right equivalent to ψ = ψ 0 around x = 0 and the right equivalence fixes 0.
Proof. Motivated by the proof of lemma 2.3 we define the components B lj (t, x) of a matrix B(t, x) ∈ R n×n as
We have
which is invertible for all t. In analogy to (2.10)
There exists a neighbourhood U of 0 ∈ R n such that the initial value problem
is solvable for all x ∈ U and all t ∈ [0, 1]. Since ω(0, t) = 0 we have f t (0) = 0 and
= 0.
and f t is the required right equivalence.
Proposition 2.10. Let (X, Λ, z) be a Lagrangian contact problem in Z. Consider two cotangent bundle structures Φ α , Φ β : T * X ∼ − → Z such that Λ is given as the image of the section dφ α and dφ β locally around z ∈ Z with φ α (z) = 0 = φ β (z), respectively. Then φ α and φ β are stably right equivalent locally around z.
Proof. By the parametric Morse Lemma (lemma 2.7) there exist coordinates
for a smooth function germ f with vanishing 2-jet atx = 0 and an invertible symmetric matrix B. The map φ α is stably right equivalent to f . By lemma 2.1 we have
for a map
with symmetric matrices H 11 (x, ξ) and H 22 (x, ξ) and with
We calculate
The kernel of Hess (φ α ) and the kernel of Hess (φ β ) at (x, x) = (0, 0) both describe the intersection T z X ∩ T z Λ (but in different coordinates). Therefore, the kernel of Hess (φ β • k αβ ) must coincide with the kernel of Hess (φ α ) which is X = {x = 0}. We calculate the Hessian matrix of φ β • k αβ at (x, x) = (0, 0) using (2.16) and obtain
Since Λ is graphical in both cotangent bundle structures, (2.17)
must be invertible by a dimension argument. Now φ α is stably right-equivalent to
For x in a sufficiently small neighbourhood of 0 the signature of B + H 22 (x) is constant. By Sylvester's law of inertia, there exists a smooth family of invertible matrices A(x) such that
for all x near 0. Consider r(x, x) = (x, A(x)x).
The map r fixes x = 0 and is a diffeomorphism on a neighbourhood of x = 0: the Jacobian matrix of r is given by the block matrix
where (∂A(x)) l=1,...,k denotes the first k columns and (∂A(x)) l=k+1,...,n the remaining n + k columns of an (n − k) × n matrix ∂A(x) whose l-th column is given as (∂A(x)) l = ∂A ∂x l (x)x, where the derivative ∂A ∂x l is taken component-wise. Now the determinant of Dr(0) coincides with the determinant of A(0) which is non-zero, so r is indeed a right equivalence.
Let us defineH
By (2.18), (2.19) and (2.16) the map φ α 2 • r above coincides with φ β • k αβ . Thus, the maps φ α and φ β are stably right equivalent.
Remark 2.11. We see from the proof of proposition 2.10 that if the intersection of Λ and X is not tangential then the dimension of X is greater than 0 and there exist two cotangent bundle structures such that φ α and φ β are stably right equivalent but not right equivalent: to a cotangent bundle structure over X defined by a canonical 1-form α for which Λ is graphical chose another cotangent bundle structure β = α + dH with
where D is an invertible symmetric matrix which has a different signature then B. As in the proof of proposition 2.10, the coordinates (x, ξ) refer to canonical coordinates w.r.t. the α-structure. We get B ′ = D which is invertible such that Λ is graphical for the cotangent bundle structure defined by β. However, the signatures of Hess φ α (0) and Hess φ β (0) do not coincide.
Definition 2.12 (generating function). Let (X, Λ, z) be a Lagrangian contact problem in Z. Consider a cotangent bundle structure π : Z → X such that Λ is given as the image of the section dφ locally around z ∈ Z with φ(z) = 0. We call φ a generating function of (X, Λ, z). By the parametric Morse Lemma (lemma 2.7) there exist coordinates
for a smooth function germ f with vanishing 2-jet and an invertible matrix B. The map germ f is called a fully reduced generating function of (X, Λ, z). Proof. Cotangent bundle structures on Z over X correspond to cotangent bundle structures on Z ′ over Φ(X), whereas the corresponding canonical 1-forms λ and λ ′ relate by λ = Φ * λ ′ . Therefore, if ι : Λ ֒→ Z is the embedding of Λ into Z and
Thus, the primitive of ι ′ * λ ′ around Φ(z) which vanishes at Φ(z) and the primitive of ι * λ around z which vanishes at z relate by (Φ −1 )| Φ(Λ) . Thus, expressing the primitives in coordinates on X or Φ(X), we obtain generating functions which are right-equivalent.
We can now extend theorem 2.5 to non-tangential Lagrangian contact problems. Proof. By lemma 2.13 it is sufficient to prove the assertion for X ′ = X and z ′ = z. Assume there exists a symplectic diffeomorphism with Φ(X) = X, Φ(z) = z and Φ(Λ) = Λ ′ (locally around z). Choose a cotangent bundle structure on π : Z → X such that Λ is the image of the section dφ and Λ ′ the image of the section dφ ′ around z with φ(z) = 0 = φ ′ (z). Consider the cotangent bundle structure π ′ : Z → X with π ′ = π • Φ −1 . The map Φ • dφ maps X onto Λ ′ and is a section of π ′ : Z → X. This means Λ ′ can be represented by dφ in the new structure. Therefore, by proposition 2.10, the map germs φ and φ ′ must be stably right equivalent. Now let φ be a generating function of (X, Λ, z) and φ ′ of (X, Λ ′ , z). Let us assume that φ, φ ′ refer to the same cotangent bundle structure π : Z → X and that the function germs φ and φ ′ are stably right equivalent. By the parametric Morse Lemma (lemma 2.7) there exist coordinates (x, x) = ((x 1 , . . . , x k ), (x k+1 , . . . , x n )) and (
′ with vanishing 2-jets at 0 and invertible, symmetric matrices B and B ′ such that
Let D be an invertible, diagonal, n − k-dimensional matrix such that the matrix −B + DB ′ D is invertible. Define the maps
We now show that we can map Λ ′ = dφ ′ (X) to dφ (1) (X), then to dφ (2) (X) and finally to Λ = dφ(X) with symplectic diffeomorphisms which fix X and z.
Since φ and φ ′ are stably right equivalent, there exists a right equivalence r such that f = f ′ • r. The cotangent lifted map of r maps df ′ |x′ to df | r −1 (x ′ ) . Definer(x ′ , x ′ ) = (r(x ′ ), x ′ ) and denote the cotangent lift ofr by Φ (1) . Now Φ
maps Λ ′ = dφ ′ (X) to the manifold dφ (1) (X). Denote the cotangent lift of the map (x, x) → (x, Dx) by Φ (2) . The symplectomorphism Φ (2) • Φ (1) maps Λ ′ to the manifold dφ (2) (X). Let λ denote the canonical 1-form of the cotangent bundle structure π : Z → X. We define another cotangent bundle structure over X by setting its canonical 1-form to λ ′ = λ + dH with
The manifold Λ is graphical w.r.t. the cotangent bundle structure defined by λ ′ by the choice of D. Applying lemma 2.1 to Λ we get
for a diffeomorphism k on X relating the cotangent bundle structures via Λ. Its cotangent lifted map K via the λ-structure maps dφ|
This proves that (X, Λ, z) and (X, Λ ′ , z) are contact-equivalent.
Rather than using X as a zero section for a cotangent bundle structure to describe the Lagrangian contact problem (X, Λ, z) in Z we can use any other Lagrangian submanifold L ⊂ Z which admits a cotangent bundle structure for which X and Λ are graphical. This is proven in the following proposition. Proposition 2.15. Let (X, Λ, z) be a Lagrangian contact problem in the symplectic manifold Z = T * L. Assume that X and Λ are graphical and given as the images of dφ X and dφ Λ , where
. The map S = φ Λ − φ X expressed in local coordinates around π(z) is stably right equivalent to a generating function of (X, Λ, z).
Proof. Denote the canonical 1-form on Z = T * L by λ, the embedding of Λ or X into Z by ι Λ or ι X , respectively. Since X and Λ are Lagrangian, there exist maps S X : X → R and S Λ : Λ → R defined around z such that S X (z) = 0 = S Λ (z) and
X , where S is the same map as in the assertion. Now we construct a cotangent bundle structure with the same fibres as in T * L but with X as a zero section and show that the map S lifted to X is a generating function for Λ in the new cotangent bundle structure. Thus, by proposition 2.10, the generating function of Λ in any other cotangent bundle structure of Z over X for which Λ is graphical must be stably right equivalent to S (when expressed in local coordinates around π(z) or z on the zero section).
Consider the fibre preserving symplectic diffeomorphism
= χ * λ on Z vanishes exactly at the points in X since λ vanishes at the points in L and χ is a diffeomorphism. Moreover, dλ ′ = χ * dλ = dλ which is the symplectic form on Z = T * L. Therefore, the 1-form λ ′ defines a cotangent bundle structure on π ′ : Z → X for which Λ is graphical since χ is fibre-preserving. The differential of the generating function of Λ with respect to the cotangent bundle structure defined by λ ′ considered as a function on Λ is given as ι *
L is a generating function for Λ in π ′ : Z → X it suffices to verify
. In equations marked with ( * ) we have used that λ is the canonical 1-form of Z = T * L.
Symmetries
If a fully reduced generating function f of a Lagrangian contact problem (X, Λ, z) is invariant under a diffeomorphismh defined on a neighbourhood of 0 2 , i.e. f •h = f , then any other fully reduced generating function is of the form f • r for a right equivalence r. It is, therefore, invariant under r −1 •h•r. Invariance of fully reduced generating functions is, thus, a well-defined concept. The fully reduced generating function f arises as the restriction of a generating function
for (X, Λ, z) to some appropriate submanifoldX = {(x, x) | x = 0} ⊂ X (obtained by the parametric Morse lemma (lemma 2.7), for instance). The map h(x, x) = (h(x), x) extendsh to a diffeomorphism on a neighbourhood of z in X. We have
Consider a cotangent bundle structure π : Z → X which yields φ as a generating function for (X, Λ, z). The cotangent lifted map H of h leaves X and Λ invariant. Indeed, the following proposition provides a correspondence between symmetries for generating functions and cotangent lifted maps: a diffeomorphism on a submanifold of Λ leaves a generating function invariant if and only if it arises as the cotangent lift of a map on X.
Proposition 3.1 (symmetries arise as cotangent lifts). Let (X, Λ, z) be a Lagrangian contact problem and leth :Λ →Λ be a diffeomorphism on a submanifold Λ of Λ containing z. Consider a cotangent bundle structure π : Z → X for which Λ is graphical with generating function φ. Choose coordinates x 1 , . . . , x n around z on X such that x 1 , . . . , x l are coordinates for π(Λ). Consider
with cotangent lift H. Now H restricts toh onΛ if and only if φ • h = φ.
Proof. Let (x, dφ| x ) ∈ Λ. We have
Therefore, H(x, dφ| x ) ∈ Λ if and only if
Thus, invariance of Λ under H is equivalent to φ being h-invariant. Moreover, if H restricts toh onΛ then the whole manifold Λ is invariant by construction of h and H. The manifoldΛ is the image of π(Λ) under dφ. Therefore, for (x, dφ| x ) ∈Λ we have H(x, dφ| x ) ∈ Λ if and only if H(x, dφ| x ) ∈Λ. Now if φ is h-invariant then H must restrict toh onΛ. Definition 4.5 (parameter-dependent Lagrangian contact problem). Let (X µ ) µ∈I and (Λ µ ) µ∈I be two smooth Lagrangian families in a symplectic manifold Z such that X 0 ∩ Λ 0 intersects in an isolated point z 0 and such that the set and a family of scalar valued maps (φ µ ) µ∈I defined around z 0 ∈ X, where X is an ndimensional manifold. Consider coordinates (x, x) = ((x 1 , . . . , x k ), (x k+1 , . . . , x n )) centred at 0 such that φ µ is of the form
for a symmetric, non-degenerate matrix B and a smooth family of maps (f µ ) µ∈I such that ∇xf 0 (0) = 0 and Hess f 0 (0) = 0. Then (f µ ) µ∈I is a Morse-reduced form of (φ µ ) µ∈I .
Remark 4.7.
A possible parameter-dependence of the coordinates x = (x, x) is suppressed in our notation.
Lemma 4.8 (existence and uniqueness of Morse-reduced forms).
Consider an open neighbourhood I of 0 ∈ R l and a smooth family of scalar valued maps (φ µ ) µ∈I defined around z 0 ∈ X, where X is an n-dimensional manifold. The family (φ µ ) µ∈I has a Morse-reduced form (f µ ) µ∈I and (f µ ) µ∈I is locally around 0 determined up to a right-action with a diffeomorphism of the form K(µ,x) = (µ, r µ (x)) with K(0, 0) = 0 and addition of a term χ(µ), where χ is smooth and χ(0) = 0.
Proof. Let the dimension of the kernel of the Hessian matrix of φ 0 at z 0 be k. We find an n − k-dimensional submanifold X ⊂ X through z 0 such that the Hessian matrix of φ 0 | X at z 0 is non-degenerate. Consider a transversal submanifoldX through z 0 . We apply the parametric Morse Lemma (lemma 2.7) to
with respect to the splitting (I ⊕ X) ⊕ X and obtain coordinates x = (x, x) = ((x 1 , . . . , x k ), (x k+1 , . . . , x n )) on X centred at z 0 such that (x, 0) are coordinates on X and (0, x) are coordinates on X and
The functionx → f 0 (x) − φ 0 (0) has a vanishing 2-jet atx = 0 and B = Hess φ 0 | X is invertible. This proves the existence of a Morse-reduced form. Now consider representations of (φ µ ) µ∈I in coordinates (x, x) and (x ′ , x ′ ) centred at z 0 such that
for symmetric, non-degenerate matrices B, B ′ and smooth families (f µ ) µ∈I , (f 
The functionx → f 0 (x) has a vanishing 2-jet atx = 0 and B = Hess φ α 0 | X is invertible. By lemma 2.1 we have
, for a smooth map χ with χ(0) = 0 and 
We calculate 
For all µ the map r µ fixes x = 0 and is a diffeomorphism on a neighbourhood of x = 0 which can be verified by calculating its Jacobian matrix at (µ, x) = (0, 0). Let us defineH
(4.5)
By lemma 4.3 the map φ
By (4.4), (4.5) and (4.2) the map φ Proposition 4.11. Let ((X µ ) µ∈I , (Λ µ ) µ∈I , z 0 ) be a parameter-dependent Lagrangian contact problem in Z. Consider two cotangent bundle structures on Z over X 0 locally around z 0 ∈ X 0 ∩ Λ 0 such that for each µ ∈ I near 0 the submanifold Λ µ is the image of the section dφ µ and X µ the image of the section dψ µ w.r.t. the first cotangent bundle structure and Λ µ is the image of the section dφ Proof. In analogy to proposition 2.15 we modify the first cotangent bundle structure using the fibre-preserving symplectic diffeomorphism ξ → ξ − dψ µ | π(ξ) and the second cotangent bundle structure by ξ → ξ − dψ 
, where θ is a diffeomorphism defined around 0 ∈ I fixing µ = 0.
We can conclude the following theorem.
Theorem 4.14. Two parameter-dependent Lagrangian contact problems in a symplectic manifold are contact equivalent if and only if their generating families are stably right equivalent as unfoldings.
) be parameter dependent Lagrangian contact problems in Z. Since symplectic manifolds are locally symplectomorphic, we can assume z 0 = z ′ 0 . (Also see lemma 2.13.) As seen from the proof of proposition 4.11 (in analogy to proposition 2.15) we can reduce the problem to a problem with a constant family X µ ≡ X. Assume that (X, (Λ µ ) µ∈I , z 0 ) and (X, (Λ ′ µ ) µ∈I , z 0 ) are contact equivalent. Consider a cotangent bundle structure over X such that Λ µ are graphical for µ near 0. After a re-parametrisation of (X, (Λ ′ µ ) µ∈I , z 0 ), if necessary, there exists a family of cotangent bundle structures over X such that the generating family for (X, (Λ ′ µ ) µ∈I , z 0 ) coincides with the generating family for (X, (Λ µ ) µ∈I , z 0 ) as can be seen from the proof of theorem 2.14. It now follows from proposition 4.9 that the generating families of the contact problems admit the same Morse-reduced form. On the other hand, if the problems (X, (Λ µ ) µ∈I , z 0 ) and (X, (Λ ′ µ ) µ∈I , z 0 ) have generating families which admit the same Morse-reduced form then we can use a parameter version of the proof of theorem 2.14 to construct symplectomorphisms Φ µ : Z → Z locally defined around z 0 such that Φ µ (X µ ) = X θ(µ) , Φ(Λ µ ) = Λ ′ θ(µ) and Φ 0 (z 0 ) = z 0 , where θ is a diffeomorphism defined around 0 ∈ I fixing µ = 0. We obtain the theorems announced in section 1. Remark 5.2. Classification results in catastrophe theory (see [1] , for instance) apply to Lagrangian contact problems and versal parameter-dependent Lagrangian contact problems.
5.2.
Boundary value problems for symplectic maps. An application is the classification of singularities and bifurcations which occur in boundary value problems for symplectic maps [14] : consider a smooth family of symplectic maps φ µ : Z → Z ′ for µ ∈ I, where I ⊂ R l is an open neighbourhood of the origin. Let us denote the symplectic form of Z by ω and the symplectic form of Z ′ by ω ′ . Let pr : Z × Z ′ → Z and pr : Z × Z ′ → Z ′ denote projections to the first or second component of the product. Define the symplectic form Ω = pr * ω − pr ′ * ω ′ on Z × Z ′ . The graphs of (φ µ ) µ define a smooth family (Λ µ ) µ of Lagrangian submanifolds in Z × Z ′ . The Lagrangian contact problems ((Λ µ ) µ , (X µ ) µ , z) for a smooth family (X µ ) µ of Lagrangian submanifolds of Z × Z ′ and a point z ∈ Z × Z ′ can be interpreted as a family of boundary value problems for the symplectic maps (φ µ ) µ .
Example 5.3 (periodic boundary conditions). Consider Z ′ = Z, let (φ µ ) µ∈I be a family of symplectic maps on Z, let Λ µ denote the graph of φ µ viewed as a subset of Z × Z and let X µ ≡ X be the diagonal embedding of Z into Z × Z. The elements of the intersection Λ µ ∩ X correspond to solutions to the boundary value problem φ µ (z) = z, z ∈ Z.
Example 5.4 (Dirichlet-type boundary conditions). Consider a family of Hamiltonians (H µ ) µ∈I on a cotangent bundle space T * U with bundle projection π : T * U → U . Let q * , Q * ∈ U and let φ µ denote the time-1-map corresponding to the Hamiltonian system (H µ , T * U, −dλ). Let (q, p) denote local canonical coordinates on T * U around a point of interest where Z (Z ′ ) is a coordinate patch such that q * ∈ π(Z) (Q * ∈ π(Z ′ )). The equation (5.1) π(φ µ (q * , p)) = Q * is a boundary value problem for φ µ . This kind of boundary value problems can occur for first-order formulations of parameter-dependent second-order systems of ordinary differential equations with Dirichlet boundary conditions, for instance. Let Λ µ denote the graph of φ µ : Z → Z ′ viewed as a subset of Z × Z ′ and let X µ ≡ X = pr −1 (q * ) × pr ′ −1 (Q * ). The elements of the intersection Λ µ ∩ X correspond to solutions to the boundary value problem (5.1).
Classification results of catastrophe theory (see [1, Part II] , for instance) apply to Lagrangian boundary value problems whose generating families constitute versal unfoldings. Indeed, we obtain a rigorous framework for the work done in [14] , i.e. the analysis of bifurcations in boundary value problems for symplectic maps and of problems with symmetry constrains. (See example 3.3.) In particular, theorem 4.14 fills a gap in the argumentation of proposition 2.1 in [14] .
Example 5.5. Singularities in conjugate loci can be viewed as singularities of exponential maps. Interpreting exponential maps as Lagrangian maps [8] , the singularities can be classified via generating families up to stably R + -equivalence [1, p.304]. Alternatively, elements of conjugate loci can be interpreted as singularities of boundary value problems for exponential maps. Using a slightly different notion to identify the singularities, elements in the conjugate loci correspond to map germs up to right equivalence with certain symmetries [15] .
